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Abstract. We review quantization of gauge fields using algebraic properties of 3-regular graphs. We derive 
the Feynman integrand at n loops for a non-abelian gauge theory quantized in a covariant gauge from scalar 
integrands for connected 3-regular graphs, obtained from the two Symanzik polynomials. 

The transition to the full gauge theory amplitude is obtained by the use of a third, new, graph polynomial, 
the corolla polynomial. 

^ , This implies effectively a covariant quantization without ghosts, where all the relevant signs of the ghost 

sector are incorporated in a double complex furnished by the corolla polynomial -we call it cycle homology- 
and by graph homology. 

1. Introduction 

Feynman rules for scalar field theories reveal astonishing connections to algebraic geometry. These are 
most easily seen upon the use of parametric representations, which furnish renormalized integrands suitable 
to be analysed in mathematical terms. Crucial are here the two Symanzik polynomials, which underlie the 
^ ■ parametric representation [3 H O H [51 [7] . 

If one wants to generalize this approach into the realm of gauge theories, a pedestrian approach would be 
to turn every tensor integral appearing from any single graph into the parametric representation, creating a 
bewildering number of tensor integrals for each and any contributing graph in a non-abelian gauge theory. 
While effective on-shell methods have been suggested as an alternative and indeed succeeded at sufficiently 
low loop orders [SI [H] > the question how the transition from scalar to gauge field theory can be formulated 
mathematically remained open. 

Here we establish an answer and suggest a more succinct and, we believe, more elegant approach. It 
allows us to obtain the renormalized integrand of a n-loop scattering amplitude in a gauge theory from the 
use of the scalar amplitude with cubic interaction and through one further graph polynomial, beyond the 
use of the two Symanzik polynomials, in one go. 

We eliminate thereby the need to introduce ghosts in the context of covariant quantization and replace 
their use by the use of the corolla polynomial. This polynomial, which incorporates all the necessary signs 
of closed ghost loops, is still a strictly positive polynomial. This property is maintained in the pure Yang- 
Mills sector. We also generalize it to enable the inclusion of fermions. Positivity then depends on the 
representation of the gauge group which we choose for fermionic matter fields. 

Acknowledgments. M.S. thanks Erik Panzer for many helpful discussions. D.K. is grateful to David Broad- 
hurst, Francis Brown, Spencer Bloch, Erik Panzer, Oliver Schnetz and Karen Yeats for shared collaborations 
and insights into the topics of this work. 

1.1. Results. We prove that the Feynman integrand at any finite loop order n in gauge theory can be 
obtained from the study of two different complexes: graph homology and cycle homology, acting on 3-regular 
connected scalar graphs. 

Both complexes are reflected in the analytic structure of the Feynman integrand for an amplitude: residues 
in parametric space along co-dimension k hypersurfaces biject with the integrands of graphs having k distinct 
4-valent vertices and thus reflect graph homology, while cycle homology pairs with the structure of the corolla 
polynomial deflned below, see also [10] . 
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In fact, we prove that their exists a coroha differential Dr such that the Feynman integrand Ir for 
connected 3-regular graphs F, 



' 

gives rise, when summed over connected graphs F, to the total gauge theory amplitude, using DyIt- The 
differential Dy arises from the corolla polynomial Cr, which is a graph polynomial based on half-edge 
variables, upon replacing each half-edge variable by a suitable differential operator assigned to any half- 
edgeS. 

In a gauge theory, we must deal with the simultaneous requirements of unitarity of the scattering matrix 
S and of covariance of fields which we assume to be representatives of the Poincare group. 

These two requirements severely restrict possible Feynman rules 1121 113] . In particular, unphysical 
degrees of freedom must be eliminated from observable amplitudes. 

For the 3- and 4-valent vertices of gauge boson interactions this requires that those vertices are not 
independent [14] . This leads us to graph homology, as shrinking an edge between two 3-valent vertices gives 
a 4-valent vertex. 

More precisely, let e be an edge connecting two 3-gluon vertices in a graph F, Xe be the operator which 
shrinks edge e, and we extend Xe to zero when acting between any other two vertices. Fet Xe sum over 
all internal edges. Fet 5, with 5^ = 0, be the generalized graph homology operator introduced below. Then, 
for a gauge theory amplitude r: 



Theorem 1.1. Let X^y^,_^,-- be the sum of all 3-regular connected graphs, with j ghost loops, and with external 
legs determined by r and loop number n, weighted by colour and symmetry, let X^y^ ^ ■ be the same allowing 
for 3- and 4-valent vertices. We have 



ii) : Se^+x:^ ..... ^ 0. 

This theorem ensures that 3- and 4-valent vertices match to fulfil simultaneously the requirement of 
relativistic field theory and .S-matrix theory. 

These two requirements also demand that unphysical degrees of freedom propagating in closed loops do 
cancel. 

Again, let e be an edge connecting two 3-gluon vertices in a graph F, 5'^ be the operator which marks a 
cycle C through 3-valent vertices and unmarked edges, extend 5'^ to zero on any other cycle. Fet ^(-, 5'^ 
sum over all cycles. Fet T, with = 0, be the generalized cycle homology operator introduced below. 
Then: 

Theorem 1.2. Let X''.y^ ^y - be the sum of all 3-regular connected graphs contributing to amplitude r and 
loop number n and no ghost loops, weighted by colour and symmetry, X^.y^^. - . be the same allowing for any 
possible number of ghost loops. We have 

jX;tt::> " "jX;a: 

These two operations are compatible: 



i) : e^+X"^" 



Theorem 1.3. i) [s,t] = [S,T] = 0, 

ye*++x+X'w =0 
oX;0: :■ ' 

5'e'5++x+x'-'"0X;0C; = 0. 

ii) Together, they generate the whole gauge theory amplitude from 3-regular graphs: 



Formula |(T} above needs a correction for quadratic sub-divergences, which will be provided in detail later on. 
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Remark 1.4. y"'" is the only non-trivial element in the cycle and graph homology which we here construct. 
It will be an object of future study. 

Finally, we get the Feynman integrands in the unrenormalized and renormalized case for a gauge theory 
amplitude r from 3-regular connected graphs of scalar fields. 

Theorem 1.5. i) The unrenormalized Feynman integrand for the sum of all Feynman graphs contributing 
to the connected k-loop amplitude r is 

|r|— n,res(r)— r 

where we set = after the action of the corolla differentials. 

ii) The renormalized Feynman integrand at n loops for the sum of all Feynman graphs contributing to an 
amplitude r is 

r|— n,res(r)— r 

where we set £,e = after the action of the corolla differentials. 

1.2. Organization of the paper. The next section gives a detailed account of our graph-theoretic notions 
including graph homology. Then, we turn to the structure of Feynman rules for scalar fields in the parametric 
representation, including renormalization as rigorously detailed for parametric representations in J/T^. The 
peculiar situation in gauge theory is discussed in the fourth section, and a review of gauge theory from 
the viewpoint of Hochschild cocycles and the corresponding combinatorial Green functions is provided in 
the fifth. The sixth section combines these results with the corolla polynomial and the corolla differentials, 
culminating in Thm. (|1.5p above. Short conclusions finish the paper. 

2. Graphs 

We first define the necessary graph theoretic notions. 

2.1. Vertices, edges, half-edges. We consider connected graphs with labelled edges and vertices. We 

consider graphs as elements of a free commutative Q-algebra H, which is graded as a vectorspace by the 
first Betti number, the number of algebraically independent cycles in a graph. 

For a graph F, we let fI^I = F^' U F^ ' = = U Ej be the set of its external and internal edges and 
let F[°1 = be the set of its vertices. 

We do not allow for internal edges which form loops (tadpoles): every internal edge can be considered as 
a pair of two distinct vertices 0. 

For a vertex v e , let n{v) be the set of edges adjacent to v, and its cardinality \n{v)\ be the valence 
of V. For an edge e G E^ , we let ^(e) be the set e^^l = e n . If |f (e)| = 2, the edge e is an internal edge. 
If 11^(6)1 = 1, e is an external edge, as tadpoles are excluded. 

Definition 2.1. A pair {v, e) with e G n{v) is called a half-edge. We let be the set of half-edges of F. 

An internal edge e defines two half-edges uniqueljQ. An ordering of the set ^(e) defines an orientation of 
that edge. Reversing that ordering is called an edge swap. 

An oriented internal edge e connects two vertices, which we call source, s(e) G , and target, t{e) G , 
for an edge oriented from source to target. 

Half-edges will play an important role for us as our new graph polynomial, which we dub the corolla 
polynomial below, is actually based on the half-edges of a graph. 



The Q- vectorspace of graphs with tadpoles forms an ideal and co- ideal /tadi a-iid we can effectively work in a quotient 
H/ Itad ■ 

^Note that we discard tadpoles indeed. As a consequence, a chosen vertex and an edge incident to that vertex label a 
half-edge uniquely. 
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Definition 2.2. The set of all half-edges incident to a given vertex, 

cor(u) y (w,e), 

is called the corolla at v. 
Definition 2.3. 

Pe := cor(s(e))cor(t(e)), 

is an ordered pair of corollas. 

We call two such pairs P^, Pf disjoint if the edges e and / are disjoint. 

External edges e a,t v are identified with the half-edge {v, e) and are always regarded as oriented to the 
vertex. 

Definition 2.4. We say that a graph is j-regular if all vertices have valence j, \n{v)\ = j, Vv e . 

Let r be 3-regular. Let '^^ be the set of all its cycles (not circuits!). For C G '^^ and w G C a vertex, let 
vc e be the unique half-edge at v not in C.^. 

Definition 2.5. A graph is n-connected if it is connected after removal of any n of its internal edges. 
Remark 2.6. A 2-connected graph is commonly called one-particle irreducible (IPI) in physics. 

2.2. Orientation and Cycles. We need oriented graphs for two reasons: to define graph homology, and 
to have cyclic ordering at each corolla so that each half-edge incident to a vertex has a precursor and a 
successor at that vertex. 

Let Mk be an oriented Riemann surface of genus k. We call a graph fc-compatible, if it can be drawn on 
Mk without self-intersections. 

Definition 2.7. We say a graph is of genus k if it is fc-compatible but not j-compatible for any j < k. A 
planar graph is of genus 0. 

Definition 2.8. An orientation (F, or) of a graph F is an ordering of together with an ordering of each 
v{e) for all internal edges e. Here, an ordering of v{e) is the choice of one of the two possible bijections 
between v{e) and the set {s{e),t{e)}. 

Two orderings distinguished by an even number of vertex permutations and edge swaps are equivalent. 
We write (F, or) for an oriented graph. We set (F, or) = — (F, or') for or, or' inequivalent orientations of the 
same graph. 

Lemma 2.9. (Conant, Vogtmann [H]^ An ordering of a 3-regular graph is equivalent to a cyclic ordering 
of all its corollas. 

Definition 2.10. For an oriented 3-regular graph of genus k and e G n{v), let e+ and e_ be edges before 
(e_) and after (e+) edge e in the cyclic ordering of the corolla at v, induced by the orientation of Mk- 

Remark 2.11. Note that such an orientation of a graph is compatible with a strict ordering of edges: the 
ordering of vertices orders the pair s{e),t{e) lexicographically (with s(e) < t{e) say), while multiple edges 
having the same source and target are ordered by the orientation of the underlying Riemann surface. 

2.3. Graph iiomology. We will use various homologies on graphs, with corresponding boundary operators, 
and suitable variants to study the filtrations of graphs by the number of ghost cycles and the number of 
internal 4-valent vertices. We start with standard graph homology for scalar graphs with 3- and 4-valent 
vertices. 

2.3.1. Graph homology s (following Conant, Vogtmann 15 J. For an edge e in a graph F, let Fe be the graph 
where e shrinks to zero length. Its orientation is obtained as follows: we permute vertex labels collecting 
signs until the edge e connects vertex 1, s(e) = 1, to vertex 2, t{e) = 2. Let a be the sign of the necessary 
permutations. Then we shrink edge e and the so-obtained vertex is labelled 1. We inherit all remaining 
edge orientations and the ordering of vertices remains unchanged, with vertices 3, 4, ... , \ V'^\ relabelled to 

4 



2, 3, ... , \ V'^\ — 1. This defines an orientation of Fg. If cr is negative, we change the orientation by en edge 
swap. 

For an oriented graph F, let 

(3) «r = ^ F„ 

e£Ei 

be a sum of graphs obtained by shrinking edge e and assigning the orientation as above. Graph homology 
comes from the classical result 

Theorem 2.12. (graph homology) s o s = 0. 

Definition 2.13. Ignoring orientations, we let x+(r) := X^es-E/ ^f^' 

Note that e'^+(F) = F + x+(F) + ^x+{x+{^)) + ■ ■ ■ is a terminating well-defined sum of graphs. 

2.3.2. Graphs with marked vertices. We can restrict graph homology to graphs with vertex valence bounded 
by < 4 by setting all terms which have vertices of valence higher than four to zero in the image of s. 

For such graphs, let V3 be the set of 3-valent vertices, V4 be the set of 4-valent vertices, so — V3 U V4. 

Let W4 C V4 be a chosen subset. If a vertex w £ W4, call it a marked vertex. A pair (F, W4) is a graph 
with marked vertices. 

Let be the obvious map which removes the marking at vertex w, and W4(F) be the map which marks 
the vertices of F which are in W4. So Miu(F, W4) = (F, W4 — w). Note that an orientation of F induces an 
ordering of the set W4. Set ct(w) ^ j iS w E W4 is in the :;'-th place in that ordering. 

We extend graph homology with boundary s to graphs with marked 4-valent vertices and boundary S by 
setting 

(4) 5(F, W4) = {s{T),W4) + (-1)1^^1 ^(-1)'^(™)(F, W4 - w). 

w 

Proposition 2.14. 



= 0. 



Proof. 



S^iT,W4) 



s |^(s(r), W4) + (-1)1^^1 Y.{-ir^-\T, W4 - w)^ = 

= ^(-l)'^W(s(F), W4-w) + (-1)1^-1 J2{~ir{w){s(r),W4 - w) 

w w 

(5) +(_i)IV4| ^ ^ {-iri-)is{T),W4-w-u) 

WSW4 uGWi — w 

= 0, 

where the last line vanishes due to the ordering of vertices in W4, which makes sure that each pair (w, u) 
appears twice with a relative sign. □ 



We will soon see that the sum over all connected graphs is in the kernel of S. 

Remark 2.15. While the above operators s, S were defined on scalar graphs, we also have variants for gauge 
theory graphs where we have internal gauge boson or ghost propagators or fermion propagators. There are 
obvious restrictions then to shrink only edges which connect two 3-gluon vertices. The detailed cohomology 
operations available in such circumstances are exhibited in sectionQ . 



We now make graphs into a Hopf algebra. 
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2.4. Algebra of graphs. As we said before, we consider graphs as generators of a free commutative Q- 
algebra of graphs H. We write I for the unit represented by the empty set, with disjoint union of graphs 
furnishing the product. 

Definition 2.16. The number of external edges ue ■— \E^\ assigns the weight 

(6) L,^ ■.= A^nE^\Vl\^2\Ej\+A\Tl 
to a graph. 

A graph has positive valuation if w'" > 0. A graph has i-valuation if ui^ > l. Note that the valuation of a 
graph is invariant under shrinking edges. 

The most obvious Hopf algebra structure is given by a co-product based on subgraphs of non-negative 
weights: 

(7) Ar = r®i-i-i®r+ ^ i®yh, 

is a coproduct, for a connected commutative Hopf algebra with unit I and the span of all non-trivial graphs 
as augmentation ideal, as usual 16 . 

Definition 2.17. Let / :— {7;} be a subset of proper positive valued IPI subgraphs 7^ C F such that any 
two elements 7^, 7^ of / fulfill: 7^ n 7j = 0, or 7,^ C "fj or 7^ C 7i.Then, / is called a forest. 

Definition 2.18. It is maximal, iff T / f contains no positive valued proper subgraph. It is complete, if it 
contains all positive valued proper subgraphs of all its elements. 

I/I is the number of elements of / and the set of all forests of V. 

For a union of graphs 7 = Ui 7i has l valuation if all its components have. 

There are Hopf algebras for any t-valuation: 

(8) A,(F) =F®I + I®F+ 7®F/7. 

7,w(7)>t 

In particular the antipode for positive valued graphs can be written as 

(9) ^(r)-- E (-i)'^'/xr//, 

where the sum includes the empty set. 

If the number of external edges of a subgraph 7 is greater than two, |7^' | > 2, then 7 shrinks to a vertex 
in F/7. If it equals two, the two external edges are identified to a single edge in r/70. 

These Hopf algebras on scalar graphs straightforwardly generalize to gauge theory graphs and in particuar 
act on the sum of all graphs contributing to a given amplitude -the combinatorial Green function-, filtered 
by the number of 4-valent vertices and the number of ghost loops. 

From now on, we demand that orientations of a graph F are such that for any proper subgraph 7 C F, 
with two external edges e, /, |7^'| = 2, the edges e, / form a consistently oriented edge in F/7. Then, the 
orientation of F determines the orientations of / and F//, for all forests /. 

Definition 2.19. We call e\ the edge pointing towards 7, eL the edge pointing away from it. 

Lemma 2.20. Let 71,72 C F be two proper propagator subgraphs, \'yfE\ ~ ^- Then, either: 71 C 72 or 
72 C 71 or 71 n 72 = 0. 

Proof. Elementary. See also Lemma 51 in [T7] for details. □ 



If wc were to have massive particles, we had to blow up notation sHghtly. 
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3. Feynman rules for scalar integrands 



First, some general remarks. For n external edges and I loops, an overall factor c — (— i)"+3('-i)(^"+2('-i) 
is not explicitly given below. All momentum integrals are understood in Euclidean space, all parametric 
integrals over the real simplex a : {A^, > 0}, with boundary Ileerii] = 0. A pairing between a parametric 
integrand and a simplex as in 



$(r) = / dAnn /r, 

J a 



means just that: the pair of the simplex and a form, and is to be regarded as an honest integral only when the 
integrand is replaced by its suitably renormalized form as defined below, typically indicated by a superscript 
^, so that the integral actually exists. We often simply write / for J^. 

Let r be a 3-regular graph as defined below. In order to define the momenta, choose an orientation on F, 
which we represent by e (the incidence matrix): 

1 if the vertex v is the endpoint of the edge e, 
(10) Eve — — 1 if the vertex v is the starting point of the edge e, 

if e is not incident on v. 

Furthermore, choose a basis of loops L C 'rf^ of I —: |F| independent loops of F and for each ^ e L an 
orientation given by e^Q 

The Feynman amplitude of F i^; 



(11) 
where 

and 

(13) SyeCe ■= ^veie + ^ 4e^^ 

Note that we also include the external momenta, which is useful for our purposes. This gives just an overall 
factor above, 

qf = n 

We define 



-[11 

ext 



eGPtiJ ,e adj . to v 

to be the external momentum for every vertex v of our graph. Note that if u is a vertex to which an external 
edge e is adjacent, does not equal ^g. 

In Schwinger parametric form, the Feynman amplitude for generic is 



(14) $(r) = j dAriu It, 

where the integration is a short-hand notation for 



(15) 



/dAnu = W [ dAe= f dAe, 



is such that e^^^-^ = — £^^2' where ei and 62 are the two edges adjacent to v, which are inside i. 

is the dimension of spacetime, and can be safely set to four as later on we will renormahze the parametric integrand 
before integrating. If the reader wishes to integrate first, d can be used as a regulator, which is mathematically questionable 
though 1181 when combined with minimal subtraction despite its popularity in physics. 
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and the integrand is obtained from integrating the universal quadric ([T]) 

(16) Qt ■■= J2 ^-^e 

so that analyticahy, we study the expression 



t'2 



which corresponds to a graph where at each vertex v, an external momentum is entering, and which can 
be written in the form Eq.(IT]), by use of the graph polynomials, to which we now turn. 

3.1. The first KirchhofF polynomial ■0r- For the first Kirchhoff polynomial consider the short exact 
sequence 

(17) O^i/i^Q^'^Q^'^^O. 

Here, is provided by a chosen basis for the algebraically independent loops of a graph T. E — \E^\ is the 
number of edges and V = \V^\ the number of vertices, so is an i?-dimensional Q-vectorspace generated 
by the edges, similar Q^'*^ for the vertices with a side constraint setting the sum of all vertices to zero. 
Consider the matrix (see [Tl [TO]) 

(18) 7Vo = (iVo)„-- J2 

eehnij 

for /j, I J e H^. 

Define the determinant 

(19) := \No\. 
Proposition 3.1. (this is Prop. 2. 2 in [l]j 

Here, the sum on the right is over spanning trees T of T. 

3.2. The second KirchhofT polynomial (pr and |Af|pf. Let cr% i G 1,2,3 be the three Pauli matrices, 
and (T*^ = I2x2 the unit matrix. 

For the second Kirchhoff polynomial, augment the matrix A^o to a new matrix N in the following way: 

i. Assign to each edge e a quaternion 

3 

so that ^el2x2 = QeQei ^nd to the loop U, the quaternion 



ii. Consider the column vector u = (ui) and the conjugated transposed row vector u. Augment u as the 
rightmost column vector to M, and u as the bottom row vector. 

iii. Add a new diagonal entry at the bottom right q^q^Ae- 

Note that by momentum conservation, to each vertex, we assign a momentum and a corresponding 
quaternion q^,. 

The matrix N has a well-defined Pfaffian determinant (see |19) ) with a remarkable form obtained for 
generic and hence generic ^i,: 
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Proposition 3.2. f[l9\. sections 3 and 4, and Eq.(3.12) in particular) 



2 



T1UT2 \e^TiUT2 / e^TiUTa 

where T(e) is +1 if e is oriented from Ti to T2 and —1 else. 

Proof. See [m . □ 
Note that |iV|pf = |A^|pt({^«}) is a function of all G r™. 

It gives the second Symanzik polynomial upon setting the in accordance with the external momenta: 

Q -ie^ £,e+qe, 

and setting = for all edges e afterwards. 
Proposition 3.3. 

0rl2x2 = Q (|iV|pf)|^^^o = - E QiTi)Q{Ti) n ^2, 

T1UT2 e^TiUT2 

where the sum is over spanning two- forests T1UT2, so Ti, r2 are two disjoint non-empty trees which together 
cover all vertices of F. Here, Q{Ti) — X)i;eT'' ^Iv, v a, vertex of Ti, the momentum incoming at that vertex 
expressed in the quaternionic basis. 

Remark 3.4. For a Feynman graph F contributing to a scattering amplitude r with k external edges adjacent 
to TO < fc vertices of F, 0r is the quantity of interest. The quantity |iVr|pf, which assigns a momentum ^i, 
to every vertex (not only to those to which have external edges attached) is more natural from a graph- 
theoretic viewpoint. For us, it has the added advantage that it assigns a four-momentum to every vertex. 
Derivatives wrt such four-momenta will generate gauge theory Feynman rules for us below. 

Corollary 3.5. jr^\N\p{ is linear in (AeS,^). 

€e^t 2 

For edges e ^ f, — I-^Ip^ linear in {AgAfg'^'^) and constant in all ^e- 
For e = /, — |./V|pf is linear in g'^'^ , constant in all and linear in A,,. 



Proof. Immediate from Prop. (13. 2p . □ 
Example 3.6. We let 




F 

with {1, 2, 3}, {1, 2, 4} a basis for the cycles of F. Then, 

/ ^0 := 

iV 



SO 



and 



A1 + A2 + A3 Ai + A2 Aim + A2H2 + A-iH-i 

Nr= \ A1+A2 A1+A2+ A4 Aim + A2H2 + Ai^ii 

AiJIi + A2]l2 + AsJI^ AijLi + A2JI2 + Y.t. = l ^i'Pil^i 

i^r = {Ai + A2){A3 + A4) + AsAi ^ E 11 ^« 

sp.Tr.Te^T 

0r = -{A3 + A4)AiA2pl + A2A3Aipl + AiA3A4pl 

E Q{Ti)-Q{T2) n 

sp.2-Tr.TiUT2 e0TiUT2 



Remark 3.7. We use the two Symanzik polynomials to integrate out loop momenta in scalar integrands 
upon using 



1 1"^ 

»e ' Se JO 



so that we get back Eq.dT]). 

3.3. Correction for quadratic subdivergences. The renormalized massless quadratically divergent two- 
point self-energy 

vanishes at = 0, and a = ^n/q^ vanishes at = M^- 

(20) l:R{q\^?)\,2^o^Q,{\^R{q\^l^)] =o. 



This fixes the two renormalization conditions for any graph contributing to a massless quadratically divergent 
two-point functions which we employ. Transversality of the gluon propagator self-energy 

n^i. = q^ig^iu - $,<gi.)n(g^//i^), 

renders this as a single condition 11(1) = on the sum of all contributing graphs at each loop order. 

All graphs contributing to other Green functions are renormalized by simple subtractions at chosen kine- 
matics (see il7 for a complete discussion). 

Let us now discuss the correction factor for each quadratically divergent (sub)graph. 

The scalar integrand in parametric variables is 



e ''T 

It = "2 — dAi ■ ■ ■ dA\Y[i] \ ■ 

In fact, for gauge theory we need to study integrands which are slightly generalized: 

"rlpf 

7r,_F= : ^ (Ml • • • cl4|riii | . 

Here, 

_ Fm{{A,}) 
Fd{{A,}) 

is a rational function of the variables Ae, which is a quotient of homogeneous polynomials F^, Fjj. In fact, 
our integrand in Yang-Mills or gauge theory will give us a finite sum of such terms with different F. 
We want to analyse the degree of the form 

F 



Consider a set of variables 7j C v j , for 7 C F a subgraph (the case 7 = F is allowed). For a polynomial 
function / = f{{Af.}) we let |/| [ij be twic^^ the degree of that polynomial in the variables indicated. For 
a rational function which is a quotient /1//2 of such functions, we have |/i//2|^[ii = — |/2|^[i]- Also, 

|(Mi...d4|rui|Lm = |7l"|. 
Then, 

Proposition 3.8. For any A^ appearing in the integrand of a graph T, we have |^[i] < lo'^ . 

Proof. All short-distance singularities of a Feynman integrand correspond to forests and their degree is 
bounded by the powercounting uj'* , for all 7 appearing as components of forests. □ 



The mass dimension of an edge variable Ae is -2. 
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Now assume |Ap | [i] = 2 for some 7. Such quadratically divergent short-distance singularities can only 
originate from self-energy subgraphs. 

Quadratically divergent subgraphs are either disjoint or nested, by Lemma (|2.20p . They are provided by 
self-energy subgraphs 7. Such graphs have two distinguished vertices at which external edges are adjacent. 
We have immediately from the definition of the second Kirchhoff polynomial (/<-y =: q'^ip.y,, which defines 7, 
to be the graph where those two vertices are identified |17| . 

For each \A^\ [i] above, let 2p be the set of subgraphs 7 C F such that \Ap\ [i] = 2, V7 G 2p. Define, 



+ 



p 

Lemma 3.9. has only logarithmic poles along divergent subgraphs including self-energy subgraphs. 
Renormalizing these remaining logarithmic poles of self-energy subgraphs at a fixed /i^ imposes renormal- 
ization conditions Eg. it^Q)]FI 

Proof. A partial integration wrt the quadratic subgraph variables renders its overall divergence logarithmic. 
The boundary term is eliminated by our renormalization conditions, which adopt the BPHZ conditions of 
massive propagators to the renormalization conditions adopted here for massless gluons. See [T7], section 
3.5. 

In fact, let us exhibit this in an example. Integrating in the universal quadric, Eq. (jl6p . only the propagators 
for the quadratically divergent subgraph 7 leaves us with a contribution 



1 [dA].^ 1 



with eX defined in Dcf . dlH]) . 

Setting Ai = t^Oi isolates the quadratic divergence: 

1 Fe ^ n^At^ 1 

Consider the integral limc^-i-o J^°° against the above, and partially integrate wrt t^. This gives, modulo terms 
which vanish when — > 0, a boundary term 

1 F „2^^.\ 1 



which is polynomial in and hence vanishes in our renormalization conditions. 
What remains though is the logarithmically divergent 



which justifies the result above, upon using momentum conservation ^' = C't , and 

27rz/;^ A, ' 

with 7e a curve which picks the residue at A^^ = 0. Collecting such residues will be automatic in our approach 
below. □ 



'We consider the case of massless propagators. For the incorporation of masses, see |19| . 
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Remark 3.10. For a self-energy graph 7 and an F such that l^:^!^ — 2, and Ir = Ir (9^), the factor 

Eq. (l?T|) is m accordance with subtractions (Ir (9^) — Ir (0))/?^ — (/r (m'^) ^ (0))//i^, in accordance 
with the conditions (|20p . 

3.4. Renormalization. By summing over all F, we have finally constructed an integrand which we will 
call Ur with log-poles only along any forest. We can hence render it finite by the usual forest formula. We 
define 

Ur E (-l)'^'Q(t^r//)Qo(C7/), 
where for / = IJi 7jj — Yii Q, Qq are the maps 

Q : ^ + 9e, Qo : Ce ^ + ge,0, 

where qe are the momenta as prescribed by the amplitude under consideration, qe.o those prescribed by the 
renormalization scheme for this amplitude. 



Remark 3.11. Note that a single It.f renormalizes similarly, 

/ l"r/f Ipf 



Qo 



4, J 



V 



with notation as in |17j . Note in particular how derivatives wrt four- vectors still act on 1^ f'- -f'or any 
monomial in derivatives Xe '■— IleGS ' have 



(22) xj?^, ^fj: (-1)'^' n I Q I — 1 1 n i 

/6^r Vee-Enr//[ii 




2 



This is particularly useful for future work when combined with the projective renormalized integrand, see 

m- 

Also, even when F is a graph without external ghost lines, some of the forests appearing above can 
correspond to graphs with open ghost lines. Then, Eq. ((22|) reconfirms the formula Eq. (|138p below for 
amplitudes with open ghost (or fermion, in an obvious modification) lines. 

Remark 3.12. The regularized integrand in dimensional regularization is obtained by multiplying Ur 
by l/V'r' ''■y^^ g^j^jj treatin the Clifford algebra accordingly. Evaluating the parametric integrals on the 
regularized integrand first and renormalizing in accordance with our renormalization prescription produces 
the same renormalized results as above. Using a minimal substraction scheme is different though. See jl8j 
for a discussion of this point. 

4. Gauge Theory Graphs 

We now turn to graphs in gauge theory, as contrasted to 3-regular graphs in scalar field theory. While 
the latter were graphs which can be regarded as corollas with three half-edges, connected by gluing two 
half-edges from different corollas to an internal edge e which hence determine a pair of corollas Pe, the 
former are graphs with 3- and 4-valent vertices. 

Again, we can consider them based on corollas, this time corollas which have either three or four half- 
edges of gauge boson type (indicated by wavy lines), or one gauge-boson half-edge with two half-edges of 
ghost type (indicated by consistently oriented straight dashed lines) , or one gauge-boson half-edge with two 
half-edges of fermion type (indicated by consistently oriented straight full lines). 

Also, we will mark in such graphs edges and vertices in various ways and let 

^"i ■ - 

be the set of all graphs with external half-edges specifying the amplitude r, with I loops and n 4-gluon 
vertices of type, m ghostloops. Similarly, we will indicate the number of marked ages and other qualifiers as 
needed. 



If we want to leave a qualifier l,n,m, ■ ■ ■ unspecified (so that we consider the union of all sets with any 
number of such items), we replace it by /. A similar notation will be used below for series of graphs 

which are sums (for fixed /) or series (for / = /) of graphs weighted by symmetry, colour and other such 
factors as defined below. We dub such series combinatorial Green functions. 
We now start adopting graph homology to our purposes in gauge theory. 

4.1. Marking edges. Recall that the Feynman rule for the 4-valent vertex is 

1 4 

(j)/ \|/ j _ _|_ jaia2fcya3a4fcj||^A'lA'3(^A'2A'4 _ j^MlM4j^M2M3'j 
_|_ jaiaib ja2a3b ^gfixfi-2 gfiAfis _ gfJ-lP-a gfJ.ifJ.2'^ 

We introduce a new edge type ~t~ which has the following Feynman rule: 

1 4. 



(j)/ j — J<^l<^2b ja3a4,b^gHifi3gH2tii _ gfJ.lti4,gfJ.2t^3'^ 

2^3 

=: colour (y^jWe, 



(24) 

so that we can write the 4-point vertex as 

(25) y^^y^ + \^ 

(The relation ~ denotes that the left- and right-hand side have the same Feynman amplitude.) Note that 
because of this relation, the internal marked edge does not correspond to a propagator. It is just a graphical 
way of writing the three terms of the 4-valent vertex. 

For any graph F with marked edges, let F be the graph where the marked edges shrink to zero lengtt0. 
The Feynman-Schwinger integrand of a graph with marked edges is given for us by 

(26) = ( n ^0 n 

Here, Vy is the colour-stripped part of the Feynman rule of a 3-gluon vertex, 

^ ^ (Cl - 6)m35piP2- 

cycl(l,2,3) 

Note that the scalar integrand does obviously not contain the edge variables of the M^marked edges. 
Definition 4.1. 

(27) X+F - 



where 

(28) x;r 



if e shares a vertex with a marked, fermion or ghost edge, 

Te-^^ otherwise. 



The next lemma shows how symmetry factors relate upon exchanging 4-valent vertices for a pair of corollas 
with a marked edge inbetween. We consider graphs with I loops, k 4-gluon vertices and k' marked edges, for 
an amplitude r. Also, ^ denotes unlabelled graphs, in contrast to labelled graphs in 



'if we have k marked edges, here are 3* different graphs F which have the same F. 
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Lemma 4.2. For T € 



(29) 



cr,l 



Syni(r) k 



E 



1 



Sym(r') 



r'. 



Proof. Let w e with adjacent edges 1, 2, 3, 4: 



1) 

(We do not show F's external edges in the diagram.) Apply p5|) : 

1 1 




(30) 



Sym( 



Sym( 

The following three cases can occur: 

• The four edges adjacent to v are each un- interchangeable: Then 

(31) Sym f ) = Sym f ) = Sym f ) = Sym 

so 



1 



1 



1 



(32) 



Syni( U ) 



Sym( 



Sym( ) 



Sym( y ) 



Note that the three graphs at the right-hand side are all unequal. 
• Two of ii's adjacent edges are interchangeable, say 1 and 2: 
Then 



(33) 



(34) 



(35) 



The symmetry factors of the new graphs are 



and 



So: 



Sym 



Sym 



Sym 



iSym( 



(36) 



sym(g; 



Sym( 



Sym( 



Sym( I 



Note that the two graphs at the right-hand side are unequal. 
• Three of w's adjacent edges are interchangeable, say 1, 2 and 3: 
Then 



and 

(38) Sym([^) =iSym(y ). 
So: 

(39) ^ 



Syni( Q ) Sym( Q ) Qjy Sym( ^ ) 

So we can conclude that 

where the new vertex is v 

Sum over all 4-valent vertices in F this with a factor #r4*^ = k: 

3eer;,w^^^:r'/e=r 

□ 

Example 4.3. Take F = ^'p^ ^^'^ ^PP^Y equation ([25]) to the 4-valent vertex: 
(42) i 5( ^+ ^+ jo) = |o- 

Example 4.4. Take F = and apply ([25]) to one of the two vertices: 

Analogously, we get: 

(44) i^^i^. 
So we can write: 

(45) 1^^1(1^+1^). 
Example 4.5. 

(46) + ^ + = 1^ + ^. 

The next lemma is crucial, as it shows that the fundamental relation between a 4-gluon vertex and a pair 
of 3-gluon vertices, in all three channels, gives a relation between combinatorial Green functions. We would 
have no chance at getting a well-defined gauge theory without such a relation. 



(^''') f k \-^k-k'X.k'~h- ^ / k ■.'^k-k'-lX,k' + l~\~- 



Lemma 4.6. i. For any k and k' , k' < k: 

r k \''K-K' ji^,K'~^~ ( k \ 
\k'' yk'+ll 

ii. 

(48) Kx-K:l- 
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Proof. i. From lemma 1?^ we have for the Green's function k'~i~'' 



k~k'X,k'-^ - _ 2^ Sym(r) 



V V I r' 



k-k' _ ^ _ ^ Sym(r' 

^^^^ 3<=er:,i^j^^^,:r'/e=r 

/fc-fc' _ Sym(r') 

^ fc-/s'-l^,A;' + l— fv- 

= ^' + ^ Y"'' 

_ ^/ fe-fc'-ix,fc'+i~t~' 

^ J 

The factor fc' + 1 appears because every graph m k-k' -ly^ fe'+i~f- '^^■^ be obtained from fc' + 1 graphs 
I 

in ^fclfc,_ix,fc'+i~t^ by applying ([25]). 
Using the identity 

, , / k \ k — k' r k\ 

(fc' + i)^FTT(fc')' 

it follows that 

J_^n,/ ^ \ 

/ \ k—k'y(^^k'~^ f k \ 
\k' > yk'+l) 

ii. We have 



U' > 

This is true by induction: it is an equality for fc' = and the inductive step is true by i.. Taking 
k' = k gives: 

(53) Kx-^^^- ° 

In the following, if r is a rt-gluon amplitude, we often replace the subscript r by n, as in this example: 
Example 4.7. Take n = 3, Z = 1 and fc = 1. 

_ 1 I 1 I 1 

(54) 



^iX ~ i ^ i ^ i 



We used 



2 2 

Example 4.8. Take n = 2, Z = 2 and k — 2. Note that ^^2X contains just one graph and use (|43| and (j45|): 



(55) . . 1^ . 1^ + ^ = X2^i. 



Lemma 4.9. i. For F e ^1' ' ; 



^^^^ SvmrF/^fcl^ 51 Svm^FM^''^ 



Sym(F) fc! ^ Sym(F')' 

skeleton(r')=r 



The skeleton of a marked graph is the graph with its markings removed. 
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(57) = 



( X+) Yn,l -^nd 

k\ 



111. 



(58) e>^+x"'' = x;4^ = x;<^. 

i. 

1 (X+)' rT.1 1 



Proof. 



Sym(r) k\ Syni(r) 



{ei,...,e.}crW 



= E #{ {^1' ■ • ■ ' ^'^l ^ I [x7 • • • xt^r] = r'} r' 

(59) r'e;#;:4, 

skeleton(r') = [r] 

4- , Syni(r') 

skcloton(r') = [r] 

ii. Apply i. to the combinatorial Green's function X"'', instead of a single graph. So we sum equation 



(|56l) over all graphs in 



fc! Sym(r) /fc! 

(60) ^ ^ 

_ , Sym(r') " '^^^ 
iii. Follows directly from ii. by taking the sum over fc. 

□ 

Example 4.10 (for lemma liJli). Take ~^(J>~ and fc = 2: 

(61) \ %^<|> =\{^^^)=-^- 

Remark 4.11. Note that x+ ha-s a non-trivial kernel as it can create tadpole graphs, for example: 

(62) 1^,^ = ^.!^ 



2A+ - W 2 

Here we have used that 

This does not influence our results, since tadpoles have amplitude zero. 

It is now time to study graph homology, again by studying marked edges, but now the labelling plays a 
crucial role. 

4.2. s for gauge theory graphs. 
Definition 4.12. 

(64) = ^ (_)#{«'6rLl,,, I e<e}^j. 



where 



(65) SeT = 



if e shares a vertex with a marked or ghost edge 



re~,^-4i^ otherwise 



In the above, < is a (strict) total ordering on r^^\ 

Next, we want to distinguish the markings created by x+ and s. Therefore we draw the latter with two 
lines instead of one. So two lines indicate the action of s, and we denote: rl^l-t-U — T^^^^]^^^ C rj^J.. 

Proposition 4.13. 

(66) s^r = 0. 



Proof. 



(67) 



•m 

int 



ei<e2 



ei>e2 

= 0. 

□ 

Example 4.14. We work with labelled graphs. 



(68) r = i™{5p)— 2. 

(69) 



4.3. S for gauge theories. Marking edges, which corresponds upon summation of connected diagrams 
to shrinking pairs of two 3-gluon vertices to 4-gluon vertices, should match with the graphs with 4-gluon 
vertices present in the theory. This can be phrased homologically. 

Definition 4.15. 

(70) S = s + a, 
where 

(71) <^r = (-)#r!^U- (-)#{^'^^'"~^ I ^'>^>(7er, 

eer[ii~t~ 

and 

(72) CTeF = re^-4|.^. 

Proposition 4.16. 

(73) ^^r = 0. 
Proof. 

saT = (-)r!iUed Y E (-)*^''^^'''"^ ' «'i>«^>+#^«^erW,w I -'2<-^}s,,ae,T 
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(75) e2erj;^[eierw~i~ 
= — scrF 

^2p ^ ^ ^ j._^|#{eiGr[il~t~ I e'i>ei}+#{e^Grlil~f^-v{ei} | 4 >e2 } p 

eier[ii~)--ei er[ii~)--\{ei } 



(76) 



ei<e2 



ei,e2erlil~(~ 
ei >e2 



= 0. 

(77) S'^r = s^r + scrr + asv + cr^r = o. 



□ 



Remark 4.17. Note that upon summing the markings in a 3-valent corolla, and identifying such a sum 
with a 4-valent vertex, the operators s and S here reduce to the operators s,S we had before in Eq.(|31). 

Example 4.18. 

(78) sa~^=-.s~^ = ~^ 

(79) ^,^^_^^=__4^ 

(80) a'^=-a~^ = 

(81) S^^^O 
Example 4.19. 

(82) ,^^=_,^+,^=0 

(83) as~^ = 

(84) a'-^ ^ -a-^ + a-^ = + ^ = 

(85) ^'^-0 

The cancellations between 3-gluon and 4-gluon vertices necessary to obtain a unitary and covariant gauge 
theory demand that shrinking internal edges in graphs with 3-gluon vertices and 4-gluon vertices 
matches with the graphs having (fca — 2) 3-gluon vertices, and {k^ + 1) 4-gluon vertices. Rephrased in terms 
of our marked edges and using our sign conventions, that precisely is captured by 

Proposition 4.20. Let T be a graph without marked edges. Then: 

(86) Se'^+r = 0. 
Proof. 

(87) e^+r = E x?---x?r 

fc>Oe„....e.GrW 

ei<-<efc 
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k+1 



k>0 „ „ crlil i=l 
- ei,...,efc+iGl 

ei <---<efc + i 

= E E EH'-^x?--.---x?r 



fc 



ei <---<ei. 



ae^^r E E(-)'"'^+ • • • ■ • • x?r 

(89) fe>iei,...,e,erw '=i 

ei<---<efc 

(90) S'e^+ r = (s + cr)e^+ r = 



Example 4.21. 

(91) e^+^ = -<|> + ^ + ^ + ^ + ^ + ^ + ^ + -^ 

-^ + ^-^ + -^ 

(94) 5'e^+-<f> = 

This finishes our considerations of graph homology. Thm. (|l.ll) is proven. 
4.4. S^. We now turn to an investigation of the ghost sector through cycle homology. 
Definition 4.22. Let "^r be the set of cycles in T. We write = {Ci, C2, . . .}. 

(95) S+T = ^ s^r, 

where 



(92) 
(93) 



(96) 5%T 



if C has a vertex which has an adjacent marked or ghost edge 

Tc-^ otherwise. 



Lemma 4.23. i. For T e n.i- 

f97) \ l^r= V ^- r' 

^ ' Sym(r) A;! ^ ... Sym(r') ' 



skeleton(r')=r 



u. 



(98) ^T^^"'' = 



A;! 



ni. 



(99) e^^X'^'^^Xyl. 
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An (unoricntcd) ghost cycle is the short-hand notation for the sum of the two orientations: 



^. + 



□ 
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Proof. Analogous to leniina (|4.6p . □ 
Example 4.24. (for lemnia (|i?^ .il 

(100) = i + + o) = ~ -~ + 

Remark 4.25. The operators x+ ^^nd commute, so do x+ and S+. 

Corollary 4.26. i. The combinatorial Green's functions ^^'^p , can be written as 

(101) x"-' = ^^x'i^...., 

ii. and the full combinatorial Green's function as 

(102) X^^^,. = e^-e'-X;l^^.y 
4.5. t: cycle homology. 

Definition 4.27. For a graph F choose a labelling of the cycles Ci, C2, . . . G "^r- We define t acting on 
graphs as: 

(103) tr^ J2 (^^)#{C,'&<^T,^ \^'<^}tcT 



where 

tcT = 



if C has a vertex which has an adjacent marked or ghost edge 

Fc~^ ...... otherwise. 



Next, we want to distinguish the markings created by (5+ and t. Therefore we draw the former with little 
circles instead of dots. We denote: U "^r...... — "^Tgh C "^^r- 

Proposition 4.28. 

(104) t^T = 0. 

Proof. Analogous to prop. (|4.13p . □ 
Example 4.29. Take 

3 6 

(105) F= i-^^a^^^^ — g — — ^ 

4 7 

and label the two cycles: 

3 6 

(106) Ci = — (^^^^^) — ^ — ^c!^3^^ — 

4 7 

Then: 



4.6. T. The T-homology checks that the longitudinal degrees of freedom in a loop through 3-gluon vertices 
are appropriately matched by ghost loops, so that physical amplitudes are in the kernel of T. Hence, we 
define 

Definition 4.30. 

(108) r = < + r, 
where 

(109) ^Y = {-)*'^--- i-)*^'"'^^'^' l''>'VcT 

CiS-^r. 

and 

(110) TcT = Tc.^ ....... 

Proposition 4.31. 

(111) T'^T = Q 
Proof. 

(112) trV = -TtT 

(113) T^r = 0. 

Analogous to prop. ([TS]). □ 
Example 4.32. 

(114) tT~^'r~{y~ = -tH 



(115) ;:™o = -t~; = <><;> 

(116) = — T-;[] ') — Qr- = 

(117) r2~:;;;:~-o- = o 

Example 4.33. 

(118) tT~ y^;y. ^ -t~{--y^;y. + ■ ;™/-v ^ o 

(119) Ti~ ~ = 

(120) = -t~c;")~~: ;~ + r~: ;:™o = -<;><;> + <_><;;> = o 

(121) _ = o 

Proposition 4.34. Lei F &e a graph without ghost edges. Then: 

(122) Te^+T = 0. 

Proof. Analogous to prop. (|4.20p . □ 

Symmetry factors are no issue in the following example as we sum over both orientations for the two ghost 
lines. 

Example 4.35. 

(123) e^+oo = oo + - : ::K> + o-:: : ~ + - : m:: ~ 

(124) te''+-0™(^ = ^;])™o^ + -CmI) — C)—C^-~ + ~: :™cl)- 

(125) Te^+~0~{y- = — c;"w3 — (y~{'j — 'm3)- + ~c;;w' ' ~ 

(126) re*+00 = 

This homology ensures that longitudinal degrees of freedom propagating in loops cancel. We summarize: 
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Corollary 4.36. Let T be a graph without marked and ghost edges. Then we have 

(127) Se^+e^+r^O, 
and 

(128) Te'^+e'^+r = 0. 



4.7. The bicomplex. As 

we get a double complex: 



[s,t]^[S,T]^0, 



H,r 



t ^,1 t kd+l t 



H,. , 1 7 H, 



t ""fe+lJ t k+l,l + l t 



Here, H are to be regarded as reflecting the relevant vector space structure only of these spaces. The 

corresponding Hopf algebras and combonatorial Green functions are discussed now. This bicomplex above 
and its relation to gauge symmetry and BRST cohomology will be the study of future work. 

5. Combinatorial Green functions 

The Hopf algebras on scalar graphs straightforwardly generalize to gauge theory graphs. In particular, 
the coproduct acts on the sum of all graphs contributing to a given amplitude — the combinatorial Green 
function — filtered by the number of 4-valent vertices and the number of ghost loops. Let us make this more 
precise. 

5.1. Gradings on the Hopf algebra. Recall that the Hopf algebra H is graded by the loop number, since 
the number of loops in a subgraph 7 C F and in the graph r/7 add up to |r| = n{T). Another (multi)grading 
is given by the number of vertices. In order for this to be compatible with the coproduct - creating an extra 
vertex in the quotient r/7 - we say a graph F with i?£;(r) external edges, is of multi- vertex-degree (js, J4, . . .) 
if the number of m-valent vertices is equal to jm + 5m,EB{T)- One can check that this grading is compatible 
with the coproduct. Moreover, the two degrees are related via X]m('^ ~ 2)j„j(r) — 2\T\. This grading can 
be extended to involve other types of vertices — such as j ghost-gluon vertices — cf. [20j for full details. 

5.2. Series of graphs. From a physical point of view, it is not so interesting to study individual graphs; 
rather, one considers whole sums of graphs with the same number of external lines. 

We consider 

.fe,n _ colour(r) 



(129) r 



|r|=n,|BE(r)|=fe ^y'^(^) 

to be the sum of all connected 3-regular (0 4-valent vertices) graphs with first Betti number n and k external 
gluon edges (which fixes the amplitude r under consideration), normalized by their symmetry factors sym(r), 
the rank of their automorphism groups, in the denominator, and also weighted in the numerator by the 
corresponding colour factor colour(r): 

(130) colour(r) := [] [] <5.(e),t(e)- 
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Figure 1. A 3-regular gluon cycle (left) and an oriented ghost cycle (right) 



Here, Rv is determined by a choice of a representation of th gauge group at v, and s(e),t(e) are the vertex 
labels for source and target of the internal edge e. Typical, i?„ is the adjoint representation for gluon 
self-interactions or the fundamental representation for a gluon interacting with fermionic matter fields. 
Similarly, we write X^''^ for series of graphs which have j 4-valent vertices, with all other vertices 3-valent. 

Also, we consider external ghost edges and loops. We let X^'~'" denote the sum of graphs which have k 
external gluon edges, k external ghost edges, j 4-valent vertices, with all other vertices 3-valent, and n ghost 
cycles (Figure [T]). We let Xj.'~ be the same sum where we consider all j 4-valent vertices, and all n ghost 
cycles as marked. 

Summarizing, the superscript on X always indicate the external structure of the graphs in the series, 
whereas the subscripts indicate the 4-vertex degree, the loop degree, or the ghost cycle degree. 

We have shown in |21j that we can impose the Slavnov- Taylor identities on the Hopf algebra H, compatibly 
with the coproduct, equating all of the following formal elements: 



(131) 



-ifc.fc 



(X/"'/)fe/2(X°'''/)fc/2 



independent of the numbers k and k of external gluon and ghost edges, respectively. The thus-defined single 
formal series Q = Q^'^ will play the role of a 'charge' element in the Hopf algebra. 

Proposition 5.1. The coproduct on the Green's functions read 

A(x'='" -) = V (Js:'=^"'g2""),.,..K' ® x^-;f„ 

n—n'-\-n" 
n—n H-n 

with Xj^J^.~ the above series of graphs of vertex multidegree (j3,j4), first Betti number n andn ghost cycles. 

After taking the Slavnov-Taylor identities (|13ip into account, the coproduct reads on the above series of 
graphs 

A{X'''")^ {X''Q^"")„, (^X'''"" . 

n—n+n" 

Remark 5.2. The inclusion of fermions is parallel to the study of ghost edges and loops, and a mere 
notational exercise. 

Another way to describe the Green's function X^ is in terms of so-called grafting operators, defined in 
terms of IPI primitive graphs. We start by considering maps : H — > Aug, with Aug the augmentation 
ideal, which will soon lead us to non-trivial one co-cycles in the Hochschild cohomology of H . They are 
defined as follows. 



(132) i^W-E^%^' ' 



r^^P^ \h\^, maxf(r) {^\h) 



where maxf(r) is the number of maximal forests of F, |ft,|v is the number of distinct graphs obtainable by 
permuting edges of /i, bij(7, h,T) is the number of bijections of external edges of h with an insertion place 
in 7 such that the result is F, and finally {'^\h) is the number of insertion places for ft, in 7 [22] . X]re<r> 
indicates a sum over the linear span (F) of generators of H . 



The sum of the B]_ over ah primitive IPI Feynman graphs at a given loop order and with given residue 
wiU be denoted by -B^il", as in [35]. More precisely, 

+ " ^ Sym(7)^+- 

7 prim 
7|=n 
EE{l)=k 

With this and the above Proposition, we can show [22l Theorem 5]: 

oo 

(133) X'^ ==^S^^"(X'=Q2n). 

(=0 

(134) A(B^'"(X'^-Q2")) = B'^-"(x'=Q2n) ^ I + (id ® B^'")A(X'=g2"). 

Equation ()133p is known as the combinatorial Dyson-Schwinger equation, while ()134p shows that i?^'" is a 
Hochschild cocycle for the Hopf algebra H . 

5.3. The generator of ghost loops. We again consider the map 5+ : H ^ H that replaces gluon loops in 
a Feynman graph by ghost loops. 

Remark 5.3. In accordance with our previous definition of 5^, it becomes an algebra derivation : H ^ H 
by the assignment 

^4r) = (i'+i)E^4F^r,..- 

9Li V ^ , 

= 1 

for a IPI Feynman graph F at ghost loop order I. The sum is over all oriented 3-regular gluon cycles g, and 
Tg^g denotes the graph F with the 3-regular gluon cycle g replaced by a ghost cycle g (cf. Figure [1]) , of 
the same orientation. The coefficient ar,g is given by the number of (equivalence classes of) pairs (F',^'), 
g' C F' that give rise to the same Feynman graph, i.e. such that 

r' ~ ro r 
g'^g' '-g^g- 

The notation (5+ suggests that there is also a (5_. In fact, such an operator can be defined and would 
replace a ghost loop by a gluon loop. We will not further study such an operator, since our interest lies in 
generating physical amplitudes from zero-ghost-loop amplitudes. 

Example 5.4. Consider the following one-loop gluon self-energy graph: 

F 

Its symmetry factor is Sym(F) = 2 so that 
A two loop example is given by the graph 

F' = 

for which Sym(F') = 2. Now, 



2- 





Our previous results on (5_|- Lemma (j4.9l) allow us to conclude: 
Corollary 5.5. When acting on series of graphs with no ghost cycles {n = 0): 



7 prim 
I7I— n,n{7)— 
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where the sum is over graphs 7 with no ghost cycles. 

Remark 5.6. There is a similar result for connected graphs on the exponentiation of x+- We give it here 
without proof. It follows directly though from extending the definition of graph Hopf algebras and their 
Hochschild cohomology from IPI to connected graphs. When acting on series of graphs with no marked 
edges: 



o Br 



E 



1 



Sym(7) 



B 



7 prim 
l7l=",i(7)=0 
Be(7)=*: 

where the sum is over graphs 7 with no marked edges and ^ (7) is the number of 4-valent vertices. 

Together, the two results on the interplay of Hochschild cohomology and exponentiation show that gauge 
invariant combinatorial Green functions are obtained from gauge invariant skeleton graphs into which gauge 
invariant subgraphs are inserted. 

Example 5.7. Let us consider the example of the gluon self-energy at two loops: 



(135) 



^n=2 - +g 
1 

+ 2 
1 

+ 2 




whose zero-ghost-loop part is 
(136) 



^n=2,n=0 




One readily checks that (1 + S+){XS=^y = (X"=-^)^. 

Theorem 5.8. Let H be the Hopf subalgebra of H generated by X^'^ for all n > and k = 2,3,4. Then 
exp(5+ is an automorphisms of the graded Hopf algebra H: 

expd+{xiX2) = exp(5+(a;i) exp(5+(a;2); A{exp 6+{x)) = (exp(5+ ® exp(5+)A(a;). 

for xi,X2,x e H . 

Proof. By definition, 6+ is an algebra derivation so that exp S-^- is an algebra automorphism. Note that at a 
given loop order I, the exponential terminates at that power n and is thus well-defined on the graded algebra 
underlying H. 

Let us then consider the compatibility of 6^ with the coproduct structure. Recall from [201 the formula 

which holds even without the Slavnov-Taylor identities. It continues to hold when restricting to graphs with 
zero ghost loops: 

We now apply exp (5+ exp 6+ to this equation to obtain after imposing the Slavnov- Taylor-identities = 
(exp<5+ ®exp<5+)A(X-to) - ^ X^Q^^ {Q^^- ^ exp S+ (^i;,,;S=o) 
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since in the abscence of ghost vertices js + 2j4 = 2n in terms of the first Betti number n. Lemma (|4.23p then 
yields exp6+{X^ = X^, which completes the proof. □ 

Example 5.9. First, recall the Slavnov-Taylor identities X^X^ — X^'^X^ which at one-loop order become: 






1 

+ 2' 



0. 



We compute A'(X~1^(, ^) with X~2q ^ given in Eq. (|136p . For the first graph on the last line, we have 



^2,n=2 




If we apply exp i5+ ® exp (5+ to this expression, we obtain 

1,^ V 



For the coproduct on the last graph in Eq. (|136p we have 



and applying exp ® exp 5+ to this expression yields 




On the other hand, A'(exp (J+xI^q"^) = A'(X2^"=2) is computed from Eq. ((T35]) 



// V2.n=2\ 



A'(X 
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We conclude that 



(exp5+ ^ exp<5+)A'(X^;:-2) - A'(exp<5+(X^^"-')) 





which vanishes by the Slavnov-Taylor identities upon adding the contribution of 4-valent vertices. 

6. The corolla polynomial and differentials 

6.1. The Corolla Polynomial. Finally, the Corolla Polynomial (^10 ). We need the following definitions: 
For a vertex v d V let n{v) be the set of edges incident to v (internal or external). 
For a vertex v G V let Dy ^ J^j^niv) "-"J- 

Let be the set of all cycles of G (cycles, not circuits). This is a finite set. 

For C a cycle and v a vertex in V, since G is 3-regular, there is a unique edge of G incident to v and 
not in C, let vc be this edge. 
• For j > let 



E 



Cjpairwisc disjoint 



Y\_ n (^v,vc w Dy 



• Let 

c = Y^{-iyc' 

j>0 

For any finite graph G, this is a polynomial G = G{G) -the corolla polynomial- because C* = for i > 

Theorem 6.1. Let he the set of sets T of half edges of G with the property that 

• every vertex of G is incident to exactly one half edge of T 

• G \ T has no cycles 

Then 

Remark 6.2. This shows that the corolla polynomial is strictly positive. As it applies in this form as a 
corolla differential to pure Yang-Mills theory, this results in a positivity statement on Yang-Mills theory 
which does not hold for gauge fields coupled to matter fields. Accordingly, the sign of the /3-function in 
gauge theory becomes dependent on the number of fermion families, and their representations. 

Remark 6.3. For a graph G, let i? be a set of pairwise disjoint internal edges of G. For i > let 



Gi,(G) 



E 



Ci,C2,...c,e'iff 

Cj pairwise disjoint 
C,nB=0 



n n -o) I n 

,j=iveCj I vi^CiuC2U---uCiUE 



where the sum forbids cycles from sharing either vertices or edges with E. 
Let 

GE{G) = J2i~iyGiiG). 

Then, 

GEiG)^GiG-E) 
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where G — E is the graph with the edges and vertices involved in E removed. Removing a vertex removes 
all its indicent half-edges so that 2\E\ new external edges are generated. Note that C${G) — C{G). 

Define 

(137) Cf(G):=^(c^,(G)nW^e), 

E \ eeE I 

where is defined in (P^. 
Corollary 6.4. 

C^\G) 



E Xt^STE h&T e^E / 



Proof. Immediate. □ 

Remark 6.5. Consider a 3-regular graph G which has j, j > 2, 3-valent vertices, and let £P he a set of m 
paths, 2rn < j, on internal edges and 3-valent vertices in G which each connect two external 3-valent vertices 
(a 3-valent vertex v is external if n{v) contains an external edge) with pi Hpj = 0, \fpi,pj S 
Consider for chosen set E and ^ as above, with i? n ^ = 0, for i > 0, 

c'emg) = E n n n 

Ci,C2,...c,e'i? yyj=it)eCj J v^CiuC2U-uCiUEu£)' 

Cj pairwisc disjoint 

where the sum forbids cycles from sharing cither vertices or edges with E, and a^,v-p is the unique half-edge 

at V not in p. 

Let 

CeMG) = ^(-l)^C^^^(G). 

Finally, we set 

(138) G%{G) ~ J2 (ge^^{G) n Vl^e J . 

E \ eeE ) 

6.2. Corolla differentials. Our main use of the corolla polynomial is to construct differential operators 
with it. 

These operators differentiate wrt momenta assigned to edges e of a graph, and act on the second 
KirchhofF polynomial written for generic edge momenta ^e, that is on |iV|pf. 
Only at the end of the computation will we employ the map 

Q : -> + (lie)- 

We then set = after we have applied the corolla differentials so that we obtain the standard second 
Symanzik polynomial for specific external momenta as prescribed by gauge theory amplitudes. 

For a half edge h = {w, /) £ , we let e{h) = f and v{h) — w. We remind the reader that h+ and /i_ 
are the successor and the precursor of h in the oriented corolla at v{h). 

We remind ourselves that we assign to a graph F: 

i. to each (possibly external) edge e, a variable Ag and a 4- vector S.e', 

ii. to each half edge h, a Lorentz index /Lt(/i); 



iii. a factor colour (F). 
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6.3. The differential The corolla polynomial is an alternating sum over terms C% where i counts the 
number of loops. Similarly, the corolla differentials are a sum of terms D\ We start with D^. 
Let r e 

(139) t/"(r) = ^cO(i2)e-^-r.. 
where 

(140) c°(^)= n 

verm 

(141) D.„ = Li^i + D^2 + 
(the edges incident on v are labelled 1, 2, 3), 



(142) D^^ = -y^-f^'(^e,2 



Id Id 

£■03" 



Using that all corollas are oriented, we can write this as 



for any half-edge h. The operator D„ is such that if it acts on e ^ceriii ^ it gives the 3-vertex Feynman 
rule: 



it if it acts on e ^ceriii 

(144) D^e~^ = er[il "^-C ^ -l/(3)g-Eeer[il 

In order to calculate Cp(D) = Cp(/i — > Dg{h)), we also need to know the Leibniz terms DyVw^\ where 

(3) 

• If w and w do not share an edge, D^Vw — 0. 

• Suppose they share exactly one edge; we give it label 5. Let 1 and 2 be the other edges at v and 3 
and 4 the other ones at w: , . 
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Then: 

(145) D^vji^^ = ^(5^''"5"'^' - g^^^^'g"''"'). 
This precisely equals 

(146) D.Vi'^ = ^, 

where We is the Feynman rule for a marked edge (equation (IM]) ). 
Note that 

(147) D.^i^) = i?,,v;(3). 

• Suppose that v and w share two edges, 3 and 4. Let 1 be the other edge at v and 2 the other one at 
w: 

4 
3 

Then: 

V ^3 

(148) + ^(.g^^'^'s''"''^ _gA';^M2^M3Mi)'\ 
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We used equation 

Note that also in this case 

(149) D^Vi^^ ^ D^V^''\ 

Contracting the indices further gives tadpoles which can be omitted: 

1 1 
I3 Ai. 



(150) 



6.4. Regular terms and residues: U^{T). We can now compute immediately the application of to 
the scalar integrand /r, ■= D°Ir. 



U"{T) = 



dl 



(2^) 



n 



+ 



n 



(151) 



+ 



w and w' share an edge 

E 

w and w' and x and a;' share an edge 
wKw' <ix<ix' 



v^w.w' .x.x' 



With the result of the previous subsection we get (recall that we exclude graphs with tadpoles): 



c/°(r) 



i,er[°i 



+ 



E 



{ei.esjcrlll 
ei and 62 do not share a vertex 



-^ei -^62 



n 

(t),ei),(i;,e2)^rl31 



(152) 



E E 

'=>0 {ei,...,e,}crW 

ei , . . . , Cfc do not share a vertex 



We,--- We, 
A-ei - ■ - Ae, 



(27r 



X 



n 



(,;,ei),...,(t,,efc)^rW 

The first term we recognise as the Feynman-Schwinger integrand of T. The other terms we can write as 
the integrands of marked versions of F (equation (|26p ). 



(153) 



^ E E 



1 



fe>0 



{ei,...,efc}cr 



[11 



Aei - ■ - Ae, 



-/(x;^---x;'=r)e-^-«"--^=^«". 



Recall that in the exponent in the integrand only the unmarked edges are included. That is why the factor 
g ■■■ =fc^=fc appears. This factor does not change the residue along Jlgg^ Ae = 0. 
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Each subset of edges here is accompanied by a corresponding set of poles. By construction, the residues 
along these poles correspond to integrands where the edges shrink to form 4-valcnt vertices with the correct 
Feynman rules. 

Using the x+-operator, we can write [/"(F) as: 



(154) 



c^°(r) = E E / d^r[iK{e„....e.}/(x?---x?r). 



'=>0{ei,....e.}crp 



In terms of Fcynman amplitudes, this is 

(155) c/"(r)-E E *(x?---x?r)-<i>(e'^+F). 

fc>0{ei,...,e.}criii 

Instead of applying [/" to a single graph, we can do this to the combinatorial Green's function Xn^i. 
This gives us the Green's function for all graphs in Yang-Mills theory without the ghosts, but including the 
4-valent vertices: 

Proposition 6.6. Collecting residues as above produces the evaluation by the Feynman rules of all 3- and 
4--valent graphs in gauge theory without internal ghost or fermion edges: 

(156) U°{X"^') = $(eX+X"^') = ^{Xj^). 

Proof. The above equation (|155p is used, together with Lemma HT^ iii. □ 
6.5. Exponentiating residues. Let us discuss the pairing between the integrand with poles along the 

boundaries of the simplex, with boundaries given by ar '■ YiiJi ~ ^^ ^^'^ Feynman integrand C/ (F) 
in more detail. 

C/°(r) can be obtained from J7"(r) by taking residues along hypersurfaces Hes-E ~ and regular parts 
and integrating: 



f^°(r) = E E /dlruiMe......e.} „Reg^ 



(157) fc>0{ei,...,e,}crW/ Ai,...,A.,,...,A.,,...=0 

X Res f7°(F). 

For a function / ~ f({Ae}) of graph polynomial variables Ae,e G 7^"'^' with at most simple poles at the 
origin localized in disjoint sets of edges E, we can write 

E 

where the sum is over all such sets and fs is the part of / which is regular upon setting variables Ae,e ^ 
{r^P - E) to zero. 

For any set E of mutually disjoint internal edges of F, consider Hes-B /-y /' ^'^^ let f^ be its regular part. 
For any finite graph F, let S"^ be the set of all sets of mutually disjoint edges (0 included). 
Consider the vector 



4 := ( A dA, 



Let Mj? be the hypercube 

and the corresponding vector 
Then, there is a natural pairing 



ee(rW-£;) 



Mr^:=Rf''^"^' 



Hr{M^) 
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6.6. Graph homology vs the residue map. Note that in parametric integration we integrate against the 
simplex ct = or with boundary Heerlil = 0. We have co-dimension fc-hypersurfaces given by 

j4ij = • • • = Aif. = 0. 

The Feynman integrand we have constructed above comes from regular parts, and residues along these 
hypersurfaces. It can be described by the following commutative diagram. 



(158) * 



$(r) $(x+(r)) 

The underlying geometry will be interpreted elsewhere. 
6.7. Covariant gauges. For an edge e, let 

G'.Ae) :=|^-(1-P)%|^ 

Se 

the corresponding gluon propagator in a covariant gauge (p = being the transversal gauge, p = 1 the 
Feynman gauge). One computes 



We set 



for half-edges (s(e),e) and (t(e),e), and accordingly. 

6.8. Yang Mills theory. Consider a cycle C through 3-valcnt vertices in a graph F, and consider 

n ^bM- 

vec 

This is a differential operator with coefficients which are monomials in variables l/Ag, where e G C. 

Let Dc be the part in this differential operator which is linear in all variables l/Ag, for e € C. Let (pc be 
the Feynman rule for a ghost loop on C, summed over both orientations. 

Lemma 6.7. 

Proof. Directly from the Feynman rules for ghost propagators and ghost-gluon vertices. Linearization elim- 
inates all poles with residues corresponding to 4-valent 2-ghost-2-gluon vertices. □ 

Now consider the corolla polynomial C(r) and replace each half-edge variable h by the differental Dg{h). 
This defines a differential operator 

d(r)Y^ ■.= C{T)ih^D,ih)), 
where £1° = C°(r)(/i Dg{h)) and similar for D\ Consider 

l"rlpf 

e 



the scalar integrand for a graph F. 
Consider d(r)Y'^$r- We have 

Proposition 6.8. All poles in d{T)^^lY are located along co-dimension \E\ hypersurfaces A^ = e € E 
for subsets E of mutually disjoint edges are simple poles. 
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Proof. Corollary p. 51) ensures that poles are at most of first order and appear only when two derivatives 
act on the same edge. By the definition of the corolla polynomial this can only appear in mutually disjoint 
ordered pairs of corollas. All poles coming from divergent subgraphs are located along subsets of connected 
edges, as divergent subgraphs have more than a single edge. □ 

By our previous results on the Leibniz terms we can summarize now for the parametric integrand: 

Corollary 6.9. The residues of these poles correspond to graphs where each corresponding pair of corollas 
Pe is replaced by a 4-valent vertex. 

Proof. Setting an edge variable to zero shrinks that edge in the two Symanzik polynomials by the standard 
contraction-deletion identities [H [31 [53] . □ 

The Leibniz terms serve the useful purpose to shrink an edge between two 3-gluon vertices, and have a 
residue which is the integrand with the corresponding edge becoming a marked edge, and is hence part of 
the integrand for a graph with a corresponding 4-valent vertex. As we have checked before, summing over 
all connected 3-regular graphs, we correctly reproduce the Feynman integrand for all gluon self-interactions. 

We stress that in so doing we want to shrink edges only between pairs of corollas which both are corollas 
for 3-gluon vertices, and will not mark edges between other type of vertices. This leads us to 

Definition 6.10. We let _D(r)^'^/r be the part of the differential operator c?(r)^^$r which is linear in all 
variables l/A^. 

This eliminates all poles in D(TY^^t of the form l/A^. We can regain then the contribution of 4-valent 
4- gluon vertices by using Thm. (|6.ip together with Rem. (l6.3p : 

Lemma 6.11. Let 

Ur = g^C'''{r){ah^ Dg{h))Ir. 

Then Ur generates the integrand for the complete contribution of F to the full Yang-Mills theory amplitude. 


f/p generates the corresponding integrand for the renormalized contribution. 

Proof. Immediate application of Lemma (|6.7|) and Thm.([2]). □ 

This also proves Thm. (|1.5p in the context of Yang-Mills theory. 

Remark 6.12. If we were to work with non-linear gauges, we could avoid this linearization and use the 
Leibniz terms for the graphs with 2-gluon 2-ghost and 4-ghost vertices. Also, note that t/p = J7p (p) depends 
on the gauge parameter. 

6.9. Amplitudes v^rith open ghost or fermion lines. For k open ghost lines we have a straightforward 
generalization of these differentials by using C^^{G), see Ea. (jl38p . where each half edge h is again replaced 
by Dg{h) and linearization is understood as before. For fermion lines, see below. 

6.10. Gauge Theory. If we include matter fields, we need to add a second differential in particular for 
fermion fields: 

1 d 

^^^ ^ " aRm) WRMW^^^^'^^''^'-^ 

Now we must carefully distinguish between fermion and ghost cycles. 

For a collection of cycles Ci , • • • ,Cj contributing to , consider partitions of this set into two subsets 
Ifjig containing |//| + |/g| = j cycles. Replace Oy^^^ by_.^^, for each C^If. This defines C^^'^f (F)(a^, 

Sum over all possible partitions /g, // of the cycles for each j. This gives a further corolla polynomial for 
which we write in slight abuse of notation C(F)(a;i, bh). 

Assign a differential operator as follows: 

(160) Ur^g'rT. E C'^''' i^iDgih), Df{h))co\on/^''f (T), 

j>0|/,| + |/^|=i 
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where in C^''^^ , for Ig^If ^ 0, we keep only terms which are linear in variables Xj for edges e G CiU- ■ -UCj. 
We can now proceed with C/^ as before. 

Note that the restriction to /; = gives back the corresponding operator for Yang-Mills theory. 

From here on, Thm. ()1.5|) follows for gauge theory as before for Yang-Mills theory. 

Remark 6.13. Note that all this can be turned into a projective integrand, illuminating the slots in the 
period matrix which are filled in a gauge theory as compared to a scalar field theory. In particular, one 
hopes that the geometry of (jl58p is helpful to explain appearances and disappearances of periods in gauge 
theory. 

Remark 6.14. Putting fermions into the same colour rep as gauge bosons allows for immediate cancellations 
between Dg and Df. This can be illuminating in studying the simplifications for susy gauge theories. 

6.11. Example. In the following example, we first compute the one-loop vacuum polarization in quantum 
electrodynamics, and then in the next example one-loop gluon vacuum polarization in Yang-Mills theory. 
Both examples can be obtained from corolla differentials acting on the simplest possible 3-regular graph: 



1 




We label its two internal edges 1,2, and the external edges 3,4. We also label the two vertices a, 6. Edge 3 
is oriented from vertex a to vertex 6, and edge 4 vice versa, say. 

We have six half-edges: 
/ii := (a, 3), /i2 := (a, 2), /13 := (a, 1), ■= 2), /ig := (6, 4). 

We have four 4-vectors CijC2iC3;^4i with e M'*, Minkowski space, with scalar product = • = 

Ceo ~ Cel ~ Ce2 ^ Ce3- 

Example 6.15. We want to compute the one-loop vacuum polarisation in massless QED, Hi, as an example: 
We have 

(161) Ci(G) - h,he. 
The scalar integrand is 

(Sl-S2)^^1^2 + (^3i3^+-^4e4^)(-^l+>l2) 

(162) $(G) = dA^dA^dAsdA,. 

2 (Ai + A2) 

We can directly integrate A3, A4 eliminating any appearance of C3^,C4^ this example no derivatives 

with respect to external edges appear in the corolla differential. 

Indeed, replacing the two half-edge variables in Ci (G) by the fermion differential and using the linearized 
corolla differential (we symmetrize below in /x(3),/(i(4) when allowed) 

I f d d d d \ _ I d d 

AA1A2 \ 96^(3) 5^4^(4) 9^4^(4) C'6;.(3) / 5^3^(3) dS,A^,(i) 
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delivers tti, the integrand for Hi: 

1 d d 

(163) TTi := --Tr(7,(3)7.(2)7.(4)7.(i)) ^^g^^^^^^ A,d^,^^,, '^^^^ 

= -Tr(7^(3)7^(2)7p(4)7M(i))(Ci -6)^(1) (6 -^1)^(2)^1^2 x 



({i-i:2)^^i^2 
A1+A2 

(Al+A2)4 ^-'^-^'^^ (^1 + ^2 



+ Tr(7^(3)7^(2)7M(4)7,.(i))^5M(i)M(2) x 

(ei-i:2)^-^i^2 

Partially integrating the metric tensor term (equivalently, multiplying Ai^^ by ^^^^^^^-^^^ before integrating 
A4, see Eg. ipTj) ) gives 

7^1 = Tr(7^(3)7^(2)7A<(4)7M(i))(Ci " 6)/x(i)(6 - 6)^(2)^1^2 x 

(Sl -{2)^-^1-^2 

e -41+^2 
^ (Ai+^2)^ 

+ Tr(7^(3)7^(2)7^(4)7M(i))^ffM(i)^^(2)(Ci - 6)^^i^2 x 

(ei-S2)^-^i-^2 
e A1+A2 

(165) x^^^-^^dA,.^2. 

Evaluating the trace, contracting indices and integrating delivers (Q replaces ^ — ^2 by q, subtraction at 
— fi^ understood, ie Qo replaces — ^2 by fi) 

2 f AiA2e ^1+^2 

(166) Hi = 8{q 5/.(3)M(4) - 9m(3)9a'(4)) J (^^ + yi^)4 1-3"=^" dAidA2 



which can be written projectively 

(167) Hi = 8(g^g^(3)^(4) - (7^(3) 9^.(4) ) In / —r^^^^^{AidA2 - A2dAi) 

M Jpi(R+) 1^1 + 

and which correctly evaluates to the expected transversal result 

4 

(168) Hi = -(g^.9,,(3)^(4) - gM(3)9A<(4)) In 

Now we turn to Yang-Mills theory. 
Example 6.16. 

(169) = -e3^^3 - e|A4 - 

V-O ^1 + ^2 

(170) C'^(a) = (aa3 + Oai + aa2)(ab4 + flbi + ab2) 



(171) 



C-o(a) = aa3ab4 
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= 4(-i)V- J-^- J-^) 
( J__d_ _ J__d_\ 

^-o/'^-o- 



+ (Ai + 2A2)5''^''^9'*^) ((^1 - A2)g^'^'q^'' 
+ {Ai + 2A2)g''"''q^^ - (2Ai + A2)g^^'''q''') 

—>0, as residues are scale— independent tadpoles 



{Ai+A2f\ A2 Ai 1^ 

= ( (^,+^,)4 (- (2^? + + UA,A2)q'^^q^^ 

+(5A? + 5A^ + 8A,A2)gV^''^)),_^l^..|^^3e-«^™dAidA 
— r^5^'^' e"" ^^dAidA2 

{Ai+A2y y hence |<^|,=2 

^o-y{A, + A2Y'^ « (^1 + ^2)3^ ^ ' ' 
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This corresponds to the gauge boson loop: 



(179) J = l^2^MiM.)in(i!). 

And this expression corresponds to the ghost loop: 



They combine to a transversal result 
(180) 



2 

4(g^^g^^ -gV^')ln(^) 



Multiplying with '^°y'^(|^^ = If^^^^^s jh^hsh^ ^ jg |.j^g result for the 1-loop gluon self-energy in Yang-Mills 
theory. The gauge theory result is immediate from including the previous example with a suitable colour 
factor for the fermion loop. 



7. Conclusion 

7.1. Covariant quantization without ghosts. Now consider ='■ Si^o(~-'^)*^r^ ^ notation which 
reflects the alternating structure of the corolla polynomial. 

SetcTii^r :=E^i(-imr''- 

Covariant quantization delivers naively the integrand [/p . Let Pl be a projector onto longitudinal 
degrees of freedoms so that a physical amplitude is in the kernel of Pl, Pt the corresponding projector such 
that Pl + Pt = id. 

Summing over connected graphs contributing to a physical amplitude y^" at n loops, we know that 

P. (U^t) ^ -P. (u^U) ■ 

The undesired longitudinal part of the ghost free sector determines the longitudinal part of the ghost con- 
tribution by definition. 

But also, to compute the ratio 

Pt (cTS^J.,.) 

is a combinatorial exercise in determining the interplay of these projectors with the Leibniz terms originating 
from the corolla differentials in the various topologies. These longitudinal and transversal differentials are 
determined by the same scalar integrand, and hence not independent. Ea. (ll79p with the ratio two between 
the qq and g form-factor is a typical example. 

So the transversal part of the ghost sector is determined by the combinatorics of scalar graphs and the 
longitudinal part. It hence is implicitly determined by the ghost free sector. 

7.2. Slavnov— Taylor Identities. Slavnov-Taylor identities are treated here as originating from co-ideals 
in the corresponding Hopf algebras. We reproduce the Feynman rules in dimensional regularization, and 
hence our renormalized Feynman integrand vanishes on the corresponding co-ideals, as it should. 

In future work, we will directly demonstrate the validity of Slavnov- Taylor identities from the structure 
of the corolla polynomial. 
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